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Universal Charge Diffusion and the Butterfly Effect
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We study charge diffusion in holographic scaling theories with a particle-hole symmetry. We
show that these theories have a universal regime in which the diffusion constant is given by Dc =
Cv2B/(2piT ) where vB is the velocity of the butterfly effect. The constant of proportionality, C,
depends only on the scaling exponents of the infra-red theory. Our results suggest an unexpected
connection between transport at strong coupling and quantum chaos.
Introduction. The transport properties of strongly
correlated materials display a remarkable degree of uni-
versality. In particular many materials with fundamen-
tally different microscopic physics exhibit a linear resis-
tivity over a broad temperature regime. A long-standing
idea to explain such universality has been that trans-
port is governed by a fundamental dissipative timescale
τ ∼ ~/(kBT ) [1–3]. Recently, theoretical attention has
been refocused on this claim following the direct obser-
vation of this ‘Planckian’ timescale in a wide range of
materials [4, 5].
Perhaps the most famous example of how τ could
lead to universal behaviour is found in the proposed vis-
cosity bound of Kovtun, Starinets and Son [6]. Assuming
that the viscosity, η, of a relativistic theory is controlled
by this timescale leads to a conjecture that η/s should
be given by
η
s
∼ 1
4π
~
kB
(1)
where s is the entropy density. The original evidence
for this claim stemmed from the observation that such
a value is generic to many holographic theories with a
gravity dual [7–9]. However more recent developments in
holography have shown that this relationship can receive
large corrections, for instance in anisotropic systems or
those without translational symmetry [10–16].
Nevertheless, the idea that τ underpins the trans-
port coefficients of strongly coupled matter has survived.
Indeed, noticing that the viscosity controls momentum
diffusion, it was proposed in [5] that one can reformulate
the KSS bound in terms of the diffusion constants
D ∼ ~v
2
kBT
(2)
where v is a characteristic velocity of the theory.
A simple place in which to test (2) is in the con-
text of a particle-hole symmetric theory. In this case
the electrical current decouples from momentum and one
has a finite conductivity even in a translationally invari-
ant theory. In particular, for a holographic CFT with an
Einstein gravity dual then the charge diffusion constant
indeed takes a universal form [17]
Dc =
~c2
4πkBT
d+ 1
d− 1 (3)
where d is the number of spatial dimensions and the char-
acteristic velocity of a relativistic theory is the speed of
light v = c. Outside the framework of a relativistic the-
ory, however, it has proved challenging to identify a ve-
locity to appear in (2).
The purpose of this letter is to point out that a natu-
ral candidate for such a velocity in a strongly coupled the-
ory is provided by the butterfly effect [18–23]. In particu-
lar, the chaotic properties of strongly interacting large N
gauge theories have recently been intensely studied using
the holographic correspondence [18–27]. In such theories
the butterfly effect refers to the exponential growth in
the commutators of generic Hermitian operators which
occurs after the thermal timescale β [19–21]
〈[Wˆx(tw), Vˆy(0)]2〉β ∼ f1eλL(tw−t∗−|x−y|/vB) + . . . (4)
where t∗ is the scrambling time, λL is the Lyapunov ex-
ponent and vB is known as the butterfly velocity.
For any holographic theory with a classical gravity
dual both the Lyapunov exponent λL and the butterfly
velocity vB can be extracted from properties of a black
hole horizon [19–21]. Similarly, it has long been estab-
lished that the DC transport coefficients of conserved
quantities can also be related to the horizon via the mem-
brane paradigm [9]. As such, the holographic correspon-
dence hints at an intimate connection between transport
and the butterfly effect.
Moreover the butterfly velocity vB provides a natu-
ral analogue of the speed light in (3) which can be de-
fined even in non-relativistic theories. Specifically, the
commutator in (4) determines how a perturbation to the
system by Vˆy propagates to affect a later, distant mea-
surement by Wˆx. The butterfly velocity therefore de-
scribes the finite speed at which information spreads, and
hence has been argued in [27] to act as a state-dependent
Lieb-Robinson velocity [28]. These general considera-
tions therefore motivate us to propose vB as the charac-
teristic velocity through which to formulate the diffusion
bound of Hartnoll [5]. That is the diffusion constants
should be bounded by
D ∼ ~v
2
B
kBT
(5)
where the saturation of such a bound would correspond
to a ‘Planckian’ dissipation time τ ∼ ~/kBT .
2In the remainder of this letter we wish to provide
initial evidence in support of (5) by studying the charge
diffusion constant of simple holographic scaling geome-
tries. In particular we will consider theories whose infra-
red physics is described by a dynamical critical exponent,
z, a hyper-scaling violation exponent, θ, and an anoma-
lous dimension Φ for the charge density. Since previous
studies of the butterfly effect in holography have focused
on conformal field theories [19–21], our first task is to cal-
culate the velocity vB for these more general geometries.
Armed with this velocity, we can then proceed to
compare with the diffusion constant. Our central result
is that in these theories there is a universal regime in
which Dc indeed satisfies a relationship of the form (5)
Dc =
dθ
∆χ
v2B
2πT
(6)
where dθ is the effective spatial dimensionality of the
fixed point, ∆χ is the scaling dimension of the susceptibil-
ity and we have reverted to high energy units ~ = kB = 1.
Finally we close this letter with a brief discussion of the
implications of (6) for our general proposal, and the ex-
tension to other diffusion constants.
The butterfly effect in scaling geometries. Like in
classical physics, the butterfly effect in a quantum sys-
tem is associated with whether the effects of a small per-
turbation can eventually become large at late times. In
holographic theories, the butterfly effect corresponds to
the fact that the energy of an in-falling particle near a
black hole horizon is exponentially boosted at late times
[19]. The back-reaction of this particle on the geometry
creates a shock-wave along the horizon that causes the
growth of commutators (4).
From the form of this shock-wave geometry, it is pos-
sible to read off both the Lyapunov exponent and the ve-
locity vB. For the most part, previous holographic stud-
ies of chaos have focused on conformal field theories in
which the velocity vB is just a constant [19–21] . We will
therefore begin by adapting the shock-wave techniques
of [19–21] to calculate vB for a more general family of
metrics. These are described by an infra-red geometry
ds2d+2 = −U(r)dt2 +
dr2
U(r)
+ V (r)d ~xd
2 (7)
where r is the additional radial coordinate of the gravi-
tational theory. At zero temperature we will assume we
have power law solutions
U(r) = L−2t r
u1 V (r) = L−2x r
2v1 (8)
where we take u1 > 1, v1 > 0 so that r → 0 corresponds
to the infra-red of our theory. To turn on a finite tem-
perature we can introduce a horizon at r = r0
U(r) = L−2t r
u1
(
1− r
δ
0
rδ
)
V (r) = L−2x r
2v1 (9)
with δ = dv1+u1− 1. The temperature of the boundary
quantum field theory is then related to the horizon radius
r0 by the usual formula 4πT = U
′(r0).
Although written in unusual coordinates, these met-
rics simply correspond to a family of hyper-scaling violat-
ing geometries [29–35] where the critical exponents z, θ
are related to the power laws in the metric via
u1 =
2z − 2θ/d
z − 2θ/d 2v1 =
2− 2θ/d
z − 2θ/d (10)
As usual the dynamical critical exponent, z, characterises
the different scaling of space and time at the fixed point
[x] = −1, [T ] = −[t] = z. The hyperscaling violation ex-
ponent θ corresponds to the fact that the metric trans-
forms non-trivially under scaling and is responsible for
an effective shift in the dimensionality of the free energy
[f ] = z + d− θ = z + dθ.
Additionally we have retained various parameters in
our solution, Lt, Lx that might normally be set to unity.
These parameters, which set various scales in our infra-
red theory, are non-universal and will depend on the em-
bedding of our metric into an asymptotically Anti-de
Sitter (AdS) space-time. We will retain them in order
to emphasise that the relationship between the diffusion
constant and the butterfly effect (6) is independent of
this ultraviolet (UV) data.
Shock wave geometries. We now wish to calculate the
velocity of the butterfly effect dual to the metrics (9)
by constructing the relevant shock wave geometries [19,
20]. In order to do this, we first need to pass to Kruskal
coordinates (u, v). We therefore define
uv = −eU ′(r0)r∗(r) u/v = −e−U ′(r0)t (11)
where the tortoise coordinate is given as usual by dr∗ =
dr/U(r). In terms of these coordinates our black hole
metric now reads
ds2 = A(uv)dudv + V (uv)d ~xd
2
A(uv) =
4
uv
U(r)
U ′(r0)2
V (uv) = V (r) (12)
with horizons now located at u = 0 and v = 0.
To study the butterfly effect, we consider releasing
a particle from x = 0 on the boundary of AdS at a time
tw in the past. Then for late times (i.e. tw > β) the
energy density of this particle in Kruskal coordinates is
exponentially boosted and localised on the u = 0 horizon
δTuu ∼ Ee
2pi
β
twδ(u)δ(~x) (13)
where E is the initial asymptotic energy of the particle.
As a result, even the effects of an initially small pertur-
bation cannot be neglected and after the scrambling time
t∗ ∼ β log N2 the back-reaction of the stress tensor (13)
on the metric becomes significant.
3Within generic theories of Einstein gravity coupled
to matter the resulting geometry takes a universal form
- it is a shock-wave that is localised on the horizon [19–
21, 36–38]. In particular such a solution corresponds to a
shift in the v coordinate v → v + h(x) as one crosses the
u = 0 horizon. The resulting metric can then be written
as
ds2 = A(uv)dudv + V (uv)d~x2 − A(uv)δ(u)h(x)du2 (14)
where one finds a solution to the Einstein equations pro-
vided the shift obeys [38]
(∂i∂i −m2)h(x) ∼ 16πGNV (0)
A(0)
Ee
2pi
β
twδ(~x) (15)
and the screening length m is given by
m2 =
d
A(0)
∂V (uv)
∂(uv)
∣∣∣∣
u=0
(16)
Remarkably, after using the background equations of mo-
tion, one finds that the equations (15) and (16) for the
shift still hold even when there is a non-trivial stress ten-
sor supporting the background geometry [27, 38]. The
only way the matter content of the theory effects the
shock-wave is indirectly through the determination of the
metric functions A(uv) and V (uv).
The net result is that all we need to do to study
the butterfly effect is therefore to solve (15). At long
distances x≫ m−1 the metric is simply given by
h(x) ∼ Ee
2pi
β
(tw−t∗)−m|x|
|x| d−12
(17)
Since it is the formation of this shock wave geometry that
is responsible for the growth of commutators [19, 20] one
can immediately read off the Lyapunov exponent λL and
velocity vB of these holographic theories as
λL =
2π
β
vB =
2π
βm
(18)
Whilst the Lyapunov exponent is universal in all
these theories, and saturates the proposed bound on
chaos [23], the velocity is model dependent. In order
to extract vB for our metrics (9) we observe that we can
rewrite the screening length (16) in terms of more famil-
iar coordinates (r, t) as
m2 = dπTV ′(r0) (19)
where the ′ indicates a radial derivative. The butterfly
velocity therefore takes a remarkably simple form
v2B =
4πT
dV ′(r0)
(20)
For the case of the AdS-Schwarzchild solution, dual to a
CFT, we have V ′(r0) ∼ r0 ∼ T giving a constant veloc-
ity as expected. In our more general scaling geometries,
however, this velocity has a non-trivial temperature de-
pendence
v2B ∼ T 2−2/z (21)
Charge diffusion. Now that we have the butterfly ve-
locity, vB, we can proceed to study the diffusion of a
U(1) charge in the background (9). We therefore con-
sider coupling a gauge field Aµ to our theories using an
action
S =
∫
dd+2x
√−g
[
− 1
4
Z(r)FµνFµν
]
(22)
where Z(r) is a position dependent Maxwell coupling.
In the context of our scaling geometries, this position
dependence can arise from a coupling between the gauge
field and a logarithmically running dilaton that supports
our background geometry (9). We will therefore assume
that it takes a power law form Z(r) = Z0r
γ .
In terms of the boundary field theory, this running of
the Maxwell coupling corresponds to the possibility that
the U(1) charge density can have an anomalous dimen-
sion in the IR [39–42]. That is the chemical potential,
µ, and charge density, ρ, dual to the gauge field Aµ have
scaling dimensions
[µ] = z − Φ [ρ] = d− θ +Φ (23)
where the anomalous dimension Φ is related to the run-
ning of the Maxwell coupling by
γ =
2Φ− 2θ/d
z − 2θ/d (24)
Extracting the diffusion constant for a current with
particle-hole symmetry is then a standard calculation in
holography. The Einstein relation Dc = σ/χ relates the
diffusion constant to the conductivity σ and the suscep-
tibility χ = (∂ρ/∂µ)T . Both of these quantities can then
be calculated using the membrane paradigm [9]. The
electrical conductivity takes a particularly simple form -
it is just related to the effective Maxwell coupling on the
horizon:
σ = V d/2−1Z(r)
∣∣∣∣
r0
(25)
Obtaining the susceptibility is only slightly more
complicated. If we consider turning on a small chemi-
cal potential, µ, then the Maxwell equation implies that
the electric flux is a constant
−√−gZ(r)grrgtt∂rAt = ρ (26)
where ρ is interpreted as the charge density of the bound-
ary theory. Since the metric functions are independent
of µ at leading order we can read off the susceptibility
χ−1 =
∂µ
∂ρ
∣∣∣∣
ρ=0
=
∫ r0
∞
dr
1√−gZ(r)grrgtt (27)
4and hence arrive at the diffusion constant
Dc = [V
d/2−1Z(r)]r0
∫ r0
∞
dr
1√−gZ(r)grrgtt (28)
At this point it is important to emphasise that in gen-
eral the the susceptibility, and hence diffusion constant,
depends via (27) on the details of the full bulk geome-
try. Since the butterfly velocity depends only on the local
properties of the horizon, these effects will not always be
related in a simple manner.
In particular, the behaviour of the susceptibility will
depend on whichever region of the geometry dominates
the integral in (27). For our scaling geometries (9) this
results in two qualitatively different regimes, depending
on the scaling dimension
∆χ = [ρ]− [µ] = dθ + 2Φ− z (29)
of the susceptibility.
Non-universal regime. When the scaling dimension is
negative, ∆χ/z < 0, then it is the UV region of the ge-
ometry that controls the susceptibility. Since in this case
the diffusion constant is sensitive to the full geometry, we
should not expect to find universal behaviour in general.
In particular after performing the integral (27) we find
that at low temperatures the susceptibility takes a con-
stant value set by the cut-off χ ∼ Λ∆χ/zUV . The resulting
diffusion constant therefore scales as
Dc ∼
(
ΛUV
T
)−∆χ/z
T 1−2/z (30)
and hence in this regime it is parametrically larger than
v2B/T (20) by powers of the cut-off.
Universal regime. In contrast, when the scaling di-
mension ∆χ/z > 0 it is the infra-red region of the geom-
etry that dominates the integral and gives a susceptibility
χ ∼ T∆χ/z. As a result, the charge fluctuations are now
controlled by the near-horizon geometry and so we are
able to relate Dc to the butterfly effect. Indeed, if we
explicitly evaluate our expression (28) then we arrive at
a formula for the diffusion constant
Dc =
z − 2θ/d
∆χ
L2xr
1−2v1
0 (31)
where the explicit dependence on the dilaton profile has
cancelled between the conductivity and susceptibility. If
we now note that our formula (20) for the butterfly ve-
locity is equivalent to
v2B
2πT
=
z − 2θ/d
dθ
L2xr
1−2v1
0 (32)
then we see that the diffusion constant always takes the
form
Dc =
dθ
∆χ
v2B
2πT
(33)
which is the central result we presented in the introduc-
tion (6).
It is worth emphasising that both the diffusion con-
stant Dc and the butterfly velocity vB depend, through
Lx and r0, on the details of our holographic theory. In
particular they are sensitive to how our metric (9) is em-
bedded into an asymptotically AdS space-time. The rela-
tionship between them, on the other hand, is completely
universal - it depends only on the scaling exponents of
the infra-red fixed point.
Discussion. In summary we have proposed that a
natural way to define the diffusion bound of Hartnoll [5]
in a strongly coupled system is to use the velocity, vB, of
the butterfly effect. Our main piece of evidence in sup-
port of this proposal was a calculation of the charge dif-
fusion constant of simple holographic scaling geometries.
We found that these theories had a universal regime in
which the diffusion constant could be tied to properties
of the black hole horizon. Since the butterfly velocity is
also determined by the horizon, we were able to establish
our central result (33). The net result is that we have
provided an intuitive picture of charge diffusion in these
models. That is in this regime we can think of charge
transport as being governed by a diffusive process with a
velocity vB and a Planckian timescale τ ∼ 1/T .
More generally we saw that the diffusion constant
will not take a universal value but rather depends on the
details of the full geometry. Since these effects increased
the diffusion constant, this is consistent with the proposal
that (5) corresponds to a ‘lowest possible value’ for Dc.
However, it is worth noting that it does not seem possi-
ble to formulate a strict bound, at least in terms of vB,
since the coefficients in (33) depend on the universality
class. Nevertheless, in generic theories these are order
one numbers and so the essential point is that as T → 0
the diffusion constant will be at least as big as v2B/T .
Whilst our focus in this letter has been on studying
charge diffusion in hyperscaling violating geometries, it
is clearly of interest to understand to what extent our
proposal (5) holds more generally. One obvious direction
to pursue would be to investigate how higher derivative
corrections to the bulk action affect our result (33). Ad-
ditionally it is important to extend our analysis to include
other diffusion constants. In the Appendix we therefore
calculate the momentum diffusion constant (i.e. viscos-
ity) of these holographic scaling geometries and demon-
strate that it is also consistent with (5).
Finally, in [43] we will provide a further test of our
proposal by studying more general holographic models
with momentum relaxation [42, 44–50]. This will also
allow us to study the energy diffusion constant, which
diverges in the translationally invariant theories consid-
ered here. Remarkably we find that when momentum re-
laxation is strong the diffusion constants do not become
arbitrarily small, but rather are universally given by (5).
As such these models constitute strong further evidence
that the diffusion constants of holographic theories are
indeed bounded in terms of vB .
5Note Added After this work appeared we became
aware that Dan Roberts and Brian Swingle have simul-
taneously computed the velocity of the butterfly effect
in hyper-scaling violating geometries [27]. Their formula
agrees with our expression (20).
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Appendix: Shear Viscosity
As we mentioned in the main text, in relativistic the-
ories the shear viscosity η is equivalent to the momentum
diffusion constant [51]
Dp =
η
ǫ + P (34)
where ǫ is the energy density and P the pressure. In
the absence of chemical potentials, one can extract the
momentum diffusion constant of our isotropic scaling so-
lutions from a Maxwell action with a position-dependent
coupling Z(r) = V (r)/(16πGN ) [7, 9]. As such much
of the analysis we presented for charge diffusion can be
directly applied to the viscosity of these models. In par-
ticular we again have a universal regime where the shear
diffusion constant is universally related to the butterfly
effect
Dp = P
v2B
2πT
(35)
where the constant is now P = dθ/(dθ + 2− z).
This behaviour in the shear diffusion constant is also
relevant in the case of anisotropic theories. For concrete-
ness we can consider a 5 dimensional bulk metric with
anisotropy in the z direction
ds2 = −U(r)dt2 + dr
2
U(r)
+ gxx(r)(dx
2 + dy2) + gzz(r)dz
2
For such an anisotropic metric it is well known that the
longitudinal viscosity, ηxz, can deviate significantly from
the KSS bound [10–13]
ηxz
ηxy
=
gxx
gzz
∣∣∣∣
r=r0
ηxy =
s
4π
(36)
Since ηxz can then be made arbitrarily small, one might
be tempted to conclude that these anisotropic metrics
violate a Planckian bound on τ .
It is straightforward, however, to repeat our discus-
sion of diffusion in these backgrounds. The two viscosi-
ties in (36) are related to shear diffusion constantsDz, Dy
which measure how the momentum px diffuses in the z
and y directions
Dz =
ηxz
ǫ+ P⊥ Dy =
ηxy
ǫ+ P⊥ (37)
with P⊥ the pressure in the transverse plane. In order
to extract the timescales underlying these diffusion con-
stants, we need to determine the characteristic velocities
vB in the y and z directions. In an anisotropic theory
these velocities are no longer necessarily the same. In-
deed upon constructing the shock wave solution we find
that they are related by precisely the same ratio of metric
functions that appeared in the viscosities (36)
v2z
v2y
=
gxx
gzz
∣∣∣∣
r=r0
(38)
The net result is that the difference in Dz and Dy pre-
cisely reflects the difference in these velocities. In par-
ticular if we assume power law behaviour in the metric
functions then we again have a universal regime in which
the diffusion constants are
Dz ∼ v
2
z
2πT
Dy ∼
v2y
2πT
(39)
We can therefore see that the fact that ηxz (or equiva-
lently Dz) can be made arbitrarily small does not imply
that τ is becoming sub-Planckian. Rather, it corresponds
to the fact that the characteristic velocity in the z di-
rection is suppressed by the anisotropy. That is, in the
universal regime, the timescale underlying both Dz and
Dy will still always be given by τ ∼ 1/T .
[1] S. Sachdev, “Quantum phase transitions”, CUP, 1999.
[2] S.Sachdev and K.Damle “Non-zero temperature trans-
port near quantum critical points” Physical Review B
56, 8714 (1997). arXiv:cond-mat/9705206
[3] J. Zaanen, “Superconductivity: Why the temperature is
high” Nature 430, 512 (2004).
[4] J. A. N. Bruin, H. Sakai, R. S. Perry and
A. P. Mackenzie, Similarity of Scattering Rates in Met-
als Showing T-Linear Resistivity, Science 339, 804 (2013).
[5] S. A. Hartnoll, “Theory of universal incoherent metallic
transport,” Nature Phys. 11 (2015) 54 [arXiv:1405.3651
[cond-mat.str-el]].
[6] P. Kovtun, D. T. Son and A. O. Starinets, “Viscos-
ity in strongly interacting quantum field theories from
black hole physics,” Phys. Rev. Lett. 94 (2005) 111601
[hep-th/0405231].
6[7] P. Kovtun, D. T. Son and A. O. Starinets, “Holography
and hydrodynamics: Diffusion on stretched horizons,”
JHEP 0310 (2003) 064 [hep-th/0309213].
[8] G. Policastro, D. T. Son and A. O. Starinets, “The
Shear viscosity of strongly coupled N=4 supersymmetric
Yang-Mills plasma,” Phys. Rev. Lett. 87 (2001) 081601
[hep-th/0104066].
[9] N. Iqbal and H. Liu, “Universality of the hydrodynamic
limit in AdS/CFT and the membrane paradigm,” Phys.
Rev. D 79 (2009) 025023 [arXiv:0809.3808 [hep-th]].
[10] A. Rebhan and D. Steineder, “Violation of the
Holographic Viscosity Bound in a Strongly Coupled
Anisotropic Plasma,” Phys. Rev. Lett. 108 (2012) 021601
[arXiv:1110.6825 [hep-th]].
[11] K. A. Mamo, “Holographic RG flow of the shear viscosity
to entropy density ratio in strongly coupled anisotropic
plasma,” JHEP 1210 (2012) 070 [arXiv:1205.1797 [hep-
th]].
[12] S. Jain, R. Samanta and S. P. Trivedi, “The Shear Vis-
cosity in Anisotropic Phases,” JHEP 1510 (2015) 028
[arXiv:1506.01899 [hep-th]].
[13] S. Jain, N. Kundu, K. Sen, A. Sinha and S. P. Trivedi, “A
Strongly Coupled Anisotropic Fluid From Dilaton Driven
Holography,” JHEP 1501 (2015) 005 [arXiv:1406.4874
[hep-th]].
[14] S. A. Hartnoll, D. M. Ramirez and J. E. Santos, “Entropy
production, viscosity bounds and bumpy black holes,”
arXiv:1601.02757 [hep-th].
[15] L. Alberte, M. Baggioli and O. Pujolas, “Viscosity bound
violation in holographic solids and the viscoelastic re-
sponse,” arXiv:1601.03384 [hep-th].
[16] P. Burikham and N. Poovuttikul, “Shear viscosity in
holography and effective theory of transport without
translational symmetry,” arXiv:1601.04624 [hep-th].
[17] P. Kovtun and A. Ritz, “Universal conductivity and
central charges,” Phys. Rev. D 78 (2008) 066009
[arXiv:0806.0110 [hep-th]].
[18] Y. Sekino and L. Susskind, “Fast Scramblers,” JHEP
0810 (2008) 065 [arXiv:0808.2096 [hep-th]].
[19] S. H. Shenker and D. Stanford, “Black holes and the but-
terfly effect,” JHEP 1403 (2014) 067 [arXiv:1306.0622
[hep-th]].
[20] D. A. Roberts, D. Stanford and L. Susskind, “Localized
shocks,” JHEP 1503 (2015) 051 [arXiv:1409.8180 [hep-
th]].
[21] S. H. Shenker and D. Stanford, “Stringy effects in scram-
bling,” JHEP 1505 (2015) 132 [arXiv:1412.6087 [hep-
th]].
[22] S. H. Shenker and D. Stanford, “Multiple Shocks,” JHEP
1412 (2014) 046 [arXiv:1312.3296 [hep-th]].
[23] J. Maldacena, S. H. Shenker and D. Stanford, “A bound
on chaos,” arXiv:1503.01409 [hep-th].
[24] A. Kitaev, KITP strings seminar and Entanglement 2015
program (Feb. 12, April 7, and May 27, 2015).
[25] B. Michel, J. Polchinski, V. Rosenhaus and S. J. Suh,
“Four-point function in the IOP matrix model,”
arXiv:1602.06422 [hep-th].
[26] N. Sircar, J. Sonnenschein and W. Tangarife, “Extending
the scope of holographic mutual information and chaotic
behavior,” arXiv:1602.07307 [hep-th].
[27] D. A. Roberts and B. Swingle, “Lieb-Robinson and the
butterfly effect,” arXiv:1603.09298 [hep-th].
[28] E. H. Lieb and D. W. Robinson, The finite group velocity
of quantum spin systems, Commun. Math. Phys. 28, 251
(1972).
[29] S. Kachru, X. Liu and M. Mulligan, “Gravity duals of
Lifshitz-like fixed points,” Phys. Rev. D 78 (2008) 106005
[arXiv:0808.1725 [hep-th]].
[30] S. A. Hartnoll, J. Polchinski, E. Silverstein and D. Tong,
“Towards strange metallic holography,” JHEP 1004
(2010) 120 [arXiv:0912.1061 [hep-th]].
[31] X. Dong, S. Harrison, S. Kachru, G. Torroba
and H. Wang, “Aspects of holography for theories
with hyperscaling violation,” JHEP 1206 (2012) 041
[arXiv:1201.1905 [hep-th]].
[32] L. Huijse, S. Sachdev and B. Swingle, “Hidden Fermi
surfaces in compressible states of gauge-gravity duality,”
Phys. Rev. B 85 (2012) 035121 [arXiv:1112.0573 [cond-
mat.str-el]].
[33] C. Charmousis, B. Gouteraux, B. S. Kim, E. Kir-
itsis and R. Meyer, “Effective Holographic Theo-
ries for low-temperature condensed matter systems,”
JHEP 1011 (2010) 151 doi:10.1007/JHEP11(2010)151
[arXiv:1005.4690 [hep-th]].
[34] B. Gouteraux and E. Kiritsis, “Generalized Holo-
graphic Quantum Criticality at Finite Density,”
JHEP 1112 (2011) 036 doi:10.1007/JHEP12(2011)036
[arXiv:1107.2116 [hep-th]].
[35] D. W. Pang, “Conductivity and Diffusion Constant
in Lifshitz Backgrounds,” JHEP 1001 (2010) 120
[arXiv:0912.2403 [hep-th]].
[36] T. Dray and G. ’t Hooft, “The Gravitational Shock Wave
of a Massless Particle,” Nucl. Phys. B 253 (1985) 173.
[37] X. O. Camanho, J. D. Edelstein, J. Maldacena and
A. Zhiboedov, “Causality Constraints on Corrections to
the Graviton Three-Point Coupling,” JHEP 1602 (2016)
020 [arXiv:1407.5597 [hep-th]].
[38] K. Sfetsos, “On gravitational shock waves in
curved space-times,” Nucl. Phys. B 436 (1995) 721
[hep-th/9408169].
[39] A. Karch, “Conductivities for Hyperscaling Violating Ge-
ometries,” JHEP 1406 (2014) 140 [arXiv:1405.2926 [hep-
th]].
[40] S. A. Hartnoll and A. Karch, “Scaling theory of the
cuprate strange metals,” Phys. Rev. B 91 (2015) no.15,
155126 [arXiv:1501.03165 [cond-mat.str-el]].
[41] B. Gouteraux, “Universal scaling properties of extremal
cohesive holographic phases,” JHEP 1401 (2014) 080
[arXiv:1308.2084 [hep-th]].
[42] B. Gouteraux, “Charge transport in holography with
momentum dissipation,” JHEP 1404 (2014) 181
[arXiv:1401.5436 [hep-th]].
[43] M. Blake, ‘Universal Diffusion in Incoherent Black Holes’,
arXiv:1604.01754 [hep-th].
[44] A. Donos and J. P. Gauntlett, “Holographic Q-lattices,”
JHEP 1404 (2014) 040 [arXiv:1311.3292 [hep-th]].
[45] A. Donos and J. P. Gauntlett, “Novel metals and
insulators from holography,” JHEP 1406 (2014) 007
[arXiv:1401.5077 [hep-th]].
[46] T. Andrade and B. Withers, “A simple holographic
model of momentum relaxation,” JHEP 1405 (2014) 101
[arXiv:1311.5157 [hep-th]].
[47] M. Blake and D. Tong, “Universal Resistivity from Holo-
graphic Massive Gravity,” Phys. Rev. D 88 (2013) no.10,
106004 [arXiv:1308.4970 [hep-th]].
[48] M. Blake, D. Tong and D. Vegh, “Holographic Lattices
Give the Graviton an Effective Mass,” Phys. Rev. Lett.
112 (2014) no.7, 071602 [arXiv:1310.3832 [hep-th]].
7[49] S. Grozdanov, A. Lucas, S. Sachdev and K. Schalm,
“Absence of disorder-driven metal-insulator transitions
in simple holographic models,” Phys. Rev. Lett. 115
(2015) no.22, 221601 [arXiv:1507.00003 [hep-th]].
[50] S. Grozdanov, A. Lucas and K. Schalm, “Incoherent ther-
mal transport from dirty black holes,” arXiv:1511.05970
[hep-th].
[51] Note that if translational symmetry is broken as in [14–
16] then momentum no longer diffuses. As such we would
not expect our analysis to apply to the viscosity in this
case.
